ABSTRACT Uncertainty theory is a branch of mathematics for modeling indeterminacy, especially belief degrees. This paper considers an application of uncertainty theory in team orienteering problem with time windows. In the problem, travel time is uncertain with known uncertainty distribution, and the impact of uncertainties on visit time and total profit cannot be ignored. Based on the uncertainty theory, a model of uncertain team orienteering problem with time windows (UTOPTW) is established. Since the UTOPTW cannot be solved to optimality within polynomial time, an improved iterated search algorithm is designed considering uncertainties in the insertion step. Finally, several numerical instances are used to verify the effectiveness of the proposed model and algorithm.
I. INTRODUCTION
Route planning is a class of typical problems in operations research, such as traveling salesman problem and vehicle routing problem et al.. It is to search for one or more optimal routes from the start to the end to satisfy certain constraints according to certain performance indicators (distance, time, etc.). General route planning problems, such as traveling salesman problem and vehicle routing problem, often assume that all targets should be visited. But in practice, not all the targets can be included in the routes because of distance or time constraints. Therefore, decision makers have to choose some of the targets they consider most valuable. This kind of route planning is defined as (team) orientation problem, which considers time and distance constraints and regards total profits as the objective function. In addition, time window is a practical constraint, which means that targets cannot be visited without the specified time range. For example, for the UAV reconnaissance mission, some targets can only be scouted in a scheduled time window because of the limitation of sensors by geography and solar radiation. In recent years, team orientation with time windows (TOPTW) has attracted wide attention from the scholars, and has become one of the hot issues in route planning.
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However, real optimizations and decisions are usually accomplished in the state of indeterminacy, where the factors cannot be accurately predicted in advance. Probability theory is one of the methods to model indeterminacy (randomness). According to the large number theorem, the use of probability theory requires enough statistical data. In the absence of samples, its fundamental premise no longer holds, and decision makers have to invite experts in the field to assess the indeterminacy (uncertainties). In order to model expert belief degrees, Liu proposed the uncertainty theory, which is a mathematical system with normality, duality and subadditivity [1] , [2] . Until now, uncertainty theory has been widely used in risk, logistics, military and other fields.
The purpose of this paper (see Fig. 1 ) is to research the uncertain team orienteering problem with time windows (UTOPTW), where the travel time is uncertain. The deterministic version has been proved to be NP-hard, however, the existence of uncertainties increases the difficulty of the modeling and solution. Firstly, uncertain travel time affects the feasibility of the optimal route. The time cost under nominal conditions may exceed the maximum time limit because the real value may be larger than the nominal value. Then, uncertain travel time directly affects whether the targets can be successfully visited within the required time windows, and then affects the optimality of the solution. Finally, there is a lack of an algorithm that takes uncertainties into account in the optimization process.
The main contribution of this paper is to model the UTOPTW based on uncertainty theory. Considering the uncertainty distribution of uncertain travel time, the insertion and shake steps of the algorithm are redefined on the basis of classical iterative local search algorithm, so that the algorithm can be adapted to solving the UTOPTW. The research work in this paper can be further expanded to provide effective solutions for route planning under uncertain conditions. The paper is organized as follows. A general literature review is given in the next section. Section 3 presents a brief introduction of uncertainty theory. Model of uncertain team orienteering problem with time windows is established in Section 4. An improved iterated local search algorithm for UTOPTW is presented in Section 5. Section 6 gives some numerical instances. Section 7 concludes this work.
II. LITERATURE REVIEW
In recent years, orienteering problem has become the focus of research, a lot of challenging problems in logistics, tourism, military and other fields were modeled as orienteering problems and their variations [3] , [4] . As an important extension of the orienteering problem, team orienteering problem with time windows (TOPTW) is worth researching. Many scholars devote to design effective algorithms for TOPTW. Vansteenwegen [5] presented a fast and effective iterated local search algorithm, which includes insertion and shake steps. The insertion step maximizes total profit as much as possible, and the shake step reduces a certain number of points on the route in order to avoid falling into local optimum. Montemanni et al. [6] improved the constructive phase and introduced local search to enhance the ant colony system for TOPTW. Lin and Yu [7] combined the standard simulated annealing procedure with a random neighborhood structure of swap, insertion, and inversion. Other existing state-of-the-art can be referred to variable neighborhood search [8] and artificial bee colony algorithm [9] , etc.
Although these algorithms can provide competitive results, few researches focus on TOPTW with indeterminate parameters.
The existence of indeterminacy often makes the optimal solution under deterministic conditions infeasible or nonoptimal. Until now, probability theory [10] is the mainstream theory to deal with indeterminacy. Evers et al. [11] modeled UAV mission planning as a stochastic orienteering problem with time windows, and assumed travel and recording time are random variables. Zhang et al. [12] regarded wait time at a customer as random variables, and tailored a variable neighborhood search for OPTW. Verbeeck et al. [13] focused on the stochastic time-dependent orienteering problem with time windows, designed a stochastic ant colony system. However, the premise of probability theory is that the cumulative frequency distribution is close enough to the true probability, that is to say, there must be enough sampling data. Probability theory is no longer applicable in the absence of data, and decision makers have to invite experts to assess indeterminacy, which is also called uncertainty. Zadeh [14] , [15] founded the theory of fuzzy sets, which can be used to model this kind of uncertainty, and obtain good results in many real life cases. However, Liu [16] recently indicates that Zadeh's fuzzy set is not a qualified mathematical objective, and also not self-consistent in mathematics. In order to model the expert belief degree, Liu founded uncertainty theory, which has become a branch of mathematics [1] , [2] . Uncertainty theory and its application have been extensively studied in finance [17] , risk [18] , military [19] - [21] and other fields.
Despite the rapid development of uncertainty theory, studies on uncertain routing planning problem are still at a low pace. Wang et al. [22] first addressed multiple objectives and uncertainty in the traveling salesman problem, and proposed an uncertain approach to obtain the Pareto optimal routes. Mao et al. [23] and Li et al. [24] regarded the travel time as uncertain variable, established an expected model for the time dependent vehicle routing problem with soft time windows. Ning and Su [25] proposed a multilevel approach for vehicle routing problem where the traveling time is uncertain variable, and designed a revised genetic algorithm. Fuzzy set theory has been used to model the uncertainties in orienteering problem by [26] and [27] . Although it is practical when dealing with the uncertainties, the theory is not self-consistent, which may cause inaccuracy in some special cases. Therefore, based on uncertainty theory, Wang et al. [18] , [21] recently research orienteering problems with uncertain scores for single and multi-objective cases, respectively. However, there is surprisingly little literature that considers uncertainties of the TOPTW when modeling or solving. It is surely essential to establish a general model of uncertain team orienteering problem with time windows. Besides, current algorithms for solving this problem can be summarized as two processes: generating routes and improving routes. However, none of them can deal with uncertainties. For this reason, it is extremely challenging to design an appropriate algorithm for UTOPTW.
III. UNCERTAINTY THEORY
To model the expert belief degree, Liu [1] founded the uncertainty theory in 2007, and introduced the product axiom to redefine it in 2010 [2] . Since then, uncertainty theory has become a branch of mathematics. This section presents uncertainty theory and other definitions and theorems related to this paper.
Definition 1 [1] , [28] 
The triplet ( , L, M) is called an uncertainty space. Furthermore, define a product uncertain measure by the fourth axiom:
where k are arbitrarily chosen events from L k for k = 1, 2, . . ., respectively. Definition 2 [1] : An uncertain variable is a measurable function ξ from an uncertainty space ( , L, M) to the set of real numbers, i.e., for any Borel set B of real numbers, the set
is an event. Definition 3 [1] : The uncertainty distribution of an uncertain variable ξ is defined by
for any real number x. Definition 4 [2] : An uncertain variable is regular if its inverse function −1 (α) exists and is unique for each α ∈ (0, 1).
Definition 5 [28] : The uncertain variables ξ 1 , ξ 2 , . . . , ξ n are said to be independent, if the equation
holds for any Borel sets B 1 , B 2 , . . . , B n of real numbers.
Definition 6 [1]: An uncertain variable ξ is called normal if it has a normal uncertainty distribution
denoted by N(e, σ ) where e and σ are real numbers with σ > 0.
Definition 7 [1]: An uncertain variable ξ is called standard normal if it has a standard normal uncertainty distribution
denoted by N(0, 1). 
Theorem 3 [21] : If ξ ∼ N(e, σ ), and η = (ξ − e)/σ , then
Theorem 4 [2]: Let ξ and η be independent uncertain variables with finite expected values. Then for any real numbers a and b, we have
Theorem 5 [2] : Let ξ 1 , ξ 2 , . . . , ξ n be independent uncertain variables with regular uncertainty distributions 1 , 2 , . . . , n , respectively. If f (ξ 1 , ξ 2 , . . . , ξ n ) is strictly increasing with respect to ξ 1 , ξ 2 , . . . , ξ m and strictly decreasing with respect to ξ m+1 , ξ m+2 , . . . , ξ n , then
has an inverse uncertainty distribution [2] : Assume the constraint function g(x, ξ 1 , ξ 2 , . . . , ξ n ) is strictly increasing with respect to ξ 1 , ξ 2 , . . . , ξ k and strictly decreasing with respect to ξ k+1 , ξ k+2 , . . . , ξ n . If ξ 1 , ξ 2 , . . . , ξ n are independent uncertain variables with uncertainty distributions 1 , 2 , . . . , n , respectively, then the chance constraint
holds if and only if
IV. UNCERTAIN TEAM ORIENTEERING PROBLEM WITH TIME WINDOWS A. PROBLEM DESCRIPTION
Orienteering problem (OP) originated from outdoor sports of orienteering. It is a route planning problem different from classical VRP. The VRP concerns the delivery service for a given set of customers. The fleet starts from the depot and eventually returns. Under the constraints of the vehicle load or running time, it is to find out the best routes to achieve such goals as the shortest distance, the least cost and the minimized time consuming [29] . However, in the traditional OP, the greatest feature is that not all points (the customers in VRP) can be visited, and decision makers must choose the valuable points to maximize the total profit. The uncertain team orienteering problem with time windows (UTOPTW) studied in this paper is different from the traditional OP problem in three aspects. Firstly, the route of UTOPTW is more than 1; secondly, each point can only be visited in the time window; thirdly, the travel time between points is independent uncertain variable with known regular uncertainty distribution. The UTOPTW problem is obviously NP-hard, and uncertain travel time in the model directly affects the feasibility and optimality of the solution.
The UTOPTW can be defined on a complete graph G = (N , A), where N = {1, 2, . . . , N } is a point set and A ⊆ N × N is an arc set. Given a point set, each point (except the starting point 1 and the ending point N ) has its own score or profit, which can indicate the importance. Only within the point's time window can the score be collected. Due to the total time constraints of the vehicle, not all points in the set can be visited. Decision makers have to choose low-cost and high-profit points for visiting to maximize total profit. For each arc, we associate travel time representing the vehicle's time costs, which assumed to be an independent uncertain variable with known regular uncertainty distribution in this paper. Therefore, uncertainties not only affect the total time consumption of the routes, but also relate to whether the selected point can be successfully visited.
A simple instance with nine points and two vehicles is presented in Fig. 2 to illustrate the UTOPTW. The time window is denoted by colorless bar, which includes a blue bar representing the service period of the point. The number on the bar is the score of each point, representing the importance of the point. The planned routes are listed as follows, Route 1 = {1, 3, 6, 4, 1}, Route 2 = {1, 9, 8, 5, 1}. Because of the total time constraints, the vehicles cannot visit all points. Therefore, the decision maker has to choose the optimal point sequences of as the routes, which satisfy the time window constraints of each point and have the maximum total profit. As you can see, points 2 and 7 cannot be included in the routes. The difference between UTOPTW and its deterministic problem in the paper is whether travel time is affected by uncertainties. Take the travel time from point 3 to 6 as an example, it is a certain value in TOPTW, but an uncertain variable with known uncertainty distribution in UTOPTW. To further characterize the UTOPTW in a mathematical way, we will next present the formulation process for modeling the uncertainties and describing the constraints.
B. NOTATIONS AND DECISION VARIABLES
In order to standardize the mathematical representation, we unified the commonly used variables in the model and algorithm. Notations and parameters in the UTOPTW are presented in Tab. 1, which mainly include information such as points, edges, vehicles set and time attribute variables. In order to accurately describe the modeling process, two kinds of decision variables are introduced. The first describes whether a vehicle turns to another after visiting a point, denoted by x ijm . The second describes whether a vehicle visits a point or not. The detailed decision variables are listed as follows,
x ijm , visit indictor between points, = 1 if vehicle m immediately visits point j after i; = 0 otherwise. y im , vehicle visit indictor, = 1 if point i is visited by vehicle m; = 0 otherwise.
C. MATHEMATICAL FORMULATION
This section aims to establish a rigorous mathematical model. Firstly, based on the uncertainty theory, a specific representation of the uncertain travel time is given. Secondly, some system constraints are proposed, which are partially affected by the uncertain travel time. Finally, a mixed integer programming model with uncertain travel time (represented by the UTOPTW model) is established to maximize the total profit of the vehicles.
1) UNCERTAIN TRAVEL TIME
In practical route planning problems, travel time will basically affected by uncertainties. We can roughly measure the distance between two points, but it is difficult to estimate the exact moment to reach a point. Travel time is often affected by factors such as vehicle conditions, traffic, and environment. Therefore, it is not appropriate to take a certain value. Probability theory is an effective method if there exist a large number of statistical samples. In most cases, we have to make decisions in the absence of data. Based on uncertainty theory, we assume that travel time is an uncertain variable with a known or statistically available uncertainty distribution, denoted by
where uncertain variable is further independent and its distribution is regular. In this way, uncertain travel time can be assessed through expert belief degree. It is worth noting that the uncertainties of travel time are not simply represented by the uncertain variables. It affects the objective function and partial constraints in the problem. Next we will further consider the impact of uncertain travel time in the modeling.
2) DEPARTURE AND RETURN CONSTRAINTS
In the vehicle routing problem, the scheme with a smaller number of scheduled vehicles will usually be preferred if they obtain same objective function values. However, all vehicles will be scheduled in this problem. They will both leave from the starting point and return to the ending. Thus, the constraints can be formulated as follows,
where | · | is the cardinality of the set, which represents the number of available vehicles.
3) CONNECTIVITY CONSTRAINTS
For every vehicle routes, connectivity must be ensured. We try to constrain by considering vehicle visit and time continuity. The points visited in each route must be the start and end points of the adjacent two edges, respectively. The vehicles will not pass the edges including the unvisited point. Therefore, for each m ∈ V and k ∈ N \ {1, N }, we have
In addition, because of the existence of the time window, each point must be visited before its time window is closed. Since travel time is uncertain, we introduce chance constraints to ensure the vehicle arrives before visiting the next point. For each (i, j) ∈ A in route m and m ∈ V, we have
where the belief degree α j is chosen by the decision maker.
4) VISIT CONSTRAINTS
Because each point's score is collected at most once, it is impossible for vehicles to visit the same point. Therefore, for any point, the following equation holds.
for each k ∈ N \ {1, N }.
5) TIME CONSTRAINTS
In addition to the above constraints, the time window and the maximum time limit have to be considered in the problem. We also introduce the following constraints, for each i, j in route m, m ∈ V,
and
6) THE UTOPTW MODEL
The objective in TOPTW is to maximize the total profit, which is equal to the sum of the scores collected. In this problem, since the travel time is an uncertain variable, the points on the route may not be successfully visited due to the fluctuation of the time. Therefore, in the process of modeling, we introduce an indicator variable I im to represent whether the point can be visited with the existence of uncertainties. Then, the objective function can be expressed by the expected value
where the equation considers the situation that a point's score cannot be collected due to uncertainties. Therefore, the model of uncertain team orienteering problem can be established as follows,
s.t. Constraints (16) , (17), . . . , (21)
The indicative variable can be defined as follows, where start service time s i is uncertain, since it is a function of travel time by Theorem 1. Therefore, indicative variable I im is also uncertain. The processing of indicative variables in the objective function is difficult. By (24), we can obtain
We further simplify the belief degree function supposing that the start service time s i is based on the expected start service times i and the known uncertainty distribution of the travel time ξ i i . The start time s i can be denoted by the following equation,
Then, we have
When the travel time ξ i i is a normal uncertain variable, we can obtain Insert the points into the routes considering uncertainty distributions until local optimum, and update the routes' information; 6: if Fitness(solution) > Fitness(optimal solution) then 7: optimal solution ← solution;
8:
n ← 0; 10: else 11: n ← n + 1; 12: end if 13: Shake the points from the routes, and update the S m and R m ; 14: end while where s (·) expresses a standard normal uncertainty distribution.
Finally, combining (23), (25), (27) (or (28)) and Theorem 4, the model can be simplified into a form easy to handle.
V. AN IMPROVED ITERATED LOCAL SEARCH ALGORITHM FOR UTOPTW
Golden et al. [30] declared that the orienteering problems have proved to be NP-hard. The UTOPTW is more complex so that it cannot be solved to optimality within polynomial time. Heuristics can provide a more efficient solution than exact algorithms, when the scale of the problem is large. Vansteenwegen [5] has presented a fast iterated local search (ILS) algorithm for TOPTW, which performs well especially on the time complexity. However, it cannot be directly used for the uncertain variant. In this section, we provide an improvement for the ILS to make it available for the UTOPTW.
When solving similar route planning problems, choosing an appropriate coding form can reduce the complexity. We encode the solution of the UTOPTW into a sequence R = {r 1 , r 2 , . . . , r |N |−2 }, which is a rearrangement of {2, 3, . . . , N − 1} except the starting and ending points. Let l m be the length of the route m (except the starting and ending points). Then, r m q is the q-th point of the route m, where m ∈ V and q ∈ Q m = {1, 2, . . . , l m }. The coding form of solution is shown in Fig. 3 .
The main improvement of the algorithm is to consider the influence of uncertainties in the insertion step. Next, we will introduce the improvement of the algorithm in detail. 
where ξ (·) is an uncertain variable with known uncertainty distribution. Since the arrival time a (·) is real-valued measurable functions of ξ (·) , it is also an uncertain variable. Then by Theorem 5, the inverse uncertainty distribution of arrival time can be denoted as follows, 
The d (·) is a crucial variable, which is defined as the maximum delay time of the service making any visit feasible, . When we insert an unvisited point r k after position q into the route m, we must ensure that the remaining route is still feasible in time for the vehicle. Therefore, the time relationship (See Fig. 4 ) must be satisfied. Then, the total time consumption caused by insertion point process can be expressed as follows, , cannot define a crisp feasible condition. In the paper, we introduce the uncertain chance constrain holding with a certain confidence level. Then, the following formula is used to check feasibility of the insertion above, which can ensure the insertion feasible with a belief degree, , then by Theorem 6, the (36) can be arranged as follows
where three kinds of uncertain inverse distributions can be obtained by (31)-(35) and Theorem 5. After determining the insertion condition, a selection criterion is defined as follows,
where both the belief degree of a point that can be successfully visited, the point's score, and the cost are considered. The selection criteria in this paper to collect the larger score at a lowest cost under the uncertain environment. Then, an unvisited point k with maximum selection criterion and satisfying (37) is inserted into the corresponding location q.
The shake step prevents the route generated in the insertion step from the local optimum. It is mainly achieved by deleting a certain number of points at a given location in the routes. This step is almost similar to that in the literature [5] , except for the update the information after deleting points. The pseudo code of the improved iterated local search algorithm for UTOPTW can be referred to Algorithm 1.
Based on iterated local search, this section considers the uncertainties, and improves the algorithm by introducing uncertainty distributions and chance constraints in the insertion step. The works enable the improved algorithms available for UTOPTW.
VI. NUMERICAL INSTANCES
In order to introduce the use of the proposed model and algorithm and verify its effectiveness, some numerical instances are given. In this paper, we use and modify the dataset in the literature [6] , which includes a depot and 100 points to be visited. In the dataset (See Table 2 ), each point owns information such as location, score and time window. Besides, the number of routes and maximum time limit are also given in the dataset. Let the travel velocity be 1, then the nominal travel timeξ ij can be regarded as expected value of uncertain travel time ξ ij . In addition, assume that travel time follows a VOLUME 7, 2019 known normal uncertainty distribution with a standard deviation of 10% of the expected value, ξ ij ∼ N(ξ ij , (ξ ij × 10%) 2 ). The above datasets were originally developed from Solomon datasets, which includes three kinds of tests, random (r101 ∼ r112), clustering (c101 ∼ c109) and combination of them (rc101 ∼ rc108). Multiple distribution types of points can test the generality of the algorithm.
The proposed algorithm is coded in Matlab R2016b on a Windows 7 Lenove workstation with 2 Intel(R) Xeon(R) E5-2609 v3 processors and 8 GB memory. The only parameter in the algorithm is the times of no improvement, which is set consistent with the literature [5] as follows, N noim = 150. Table 3 and 4 present the results of UTOPTW's numerical instances, and compared with the situation without uncertainties. 1 Column 1 gives the instances' names, and column 2 and 9 present the best known (BK) solutions of TOPTW when the routes' number are 1 to 4. The numerical experiments are performed under three different situations, whose fitness values are recorded by S 1 , S 2 , and S 3 , respectively. The first situation is that the TOPTW is solved by the iterated local search proposed by Vansteenwegen [5] . In the second situation, uncertainties are considered, and we set the belief degrees as 90% that each points can be visited within the time windows. In the third situation, the belief degrees are set to 80%. The columns include the 1 More details can refer to the link https://github.com/emseJWang/resultsfor-UTOPTW gaps, which are defined as follows,
From the table, gaps from the BK considering uncertainties are obviously larger than the first situation. Besides, the fitness values increases when reducing the belief degrees, and gaps are similarly larger than the first situation. We can further analyze the above phenomena. The optimal solution of TOPTW satisfies the time window of each point and maximizes the revenue function. When considering the uncertain travel time, the optimal solution under deterministic considerations is often no longer feasible due to the deviation of parameters, and some points have to be abandoned resulting in the reduction. The fundamental reason for the decrease of the optimal value is that the uncertain factors affect the feasibility of the solution.
In order to study the influence of belief degrees, we take rc series (rc101 ∼ rc108) as examples. In the tests, we set up four kinds of belief degrees (0.80, 0.85, 0.90, 0.95), which are carried out under the conditions of 1, 2, 3 and 4 routes respectively. Figure 5 gives the profit values' variation of different instances under different belief degrees. From the figure we can find a general rule. When we try to increase the values of belief degrees, the fitness values commonly decrease. Among 160 instances of different conditions, only fewer than 10 have slightly increased. In the present of uncertainties, when we increase the belief degree, the requirements for the feasibility of solutions are more stringent, and more points cannot be visited successfully. This is the explanation of the general rule of profit values' decrease. However, the profit value is not only affected by the benefits of visited points, but also by the belief degree of a successful visit. When the points in the route cannot be visited due to uncertainties, there are other points that satisfy the visit conditions and have a higher belief degrees, then it is possible to increase the profit value. Several special instances in Fig. 5 can illustrate this problem. Figure 6 presents optimal routes of instance rc105 (m = 4) under different belief degrees. The results are the routes of maximizing expected profit values. It is noteworthy that a single route may cross with itself, this phenomenon is due to the existence of time windows.
This section illustrate that the model in this paper can characterize the impact of time uncertainties. In addition, the improved local search algorithm can provide an effective way to uncertain route problems without simplifying the uncertain model.
VII. CONCLUSION
This paper first establishes the UTOPTW model based on uncertainty theory. The travel time is uncertain variable, which not only influences the feasibility of the route, but also affects the optimal value. In the process of modeling, we introduce the chance constraints with belief degrees, besides, the situation that a point cannot be visited due to uncertainties is fully considered in the objective function. When solving the UTOPTW, we introduce the chance constraints ensuring the point's insertion is valid with certain belief degree. This improvement enables the algorithm to be used to solve the UTOPTW. Numerical instances show that our model and algorithm are effective in dealing with the uncertainties in the team orienteering problem with time windows.
The work of this paper is the first time to extend the uncertainty theory to TOPTW problem. The research work can be further expanded. Next, we will combine the online programming with the corresponding work. 
